Abstract. In this paper we classify finite 2-groups G which possess a self-centralizing abelian subgroup A of type (4, 2). In the difficult case, where A is contained in the Frattini subgroup Φ(G), we describe the structure of the group G in great detail. In the other case, where A ≤ Φ(G), there is an open problem.
Introduction and known results
An abelian subgroup A of a group G is called "self-centralizing" in G if C G (A) = A. Let A be a self-centralizing abelian subgroup of order p 2 in a finite p-group G. Then, by a well known result of M. Suzuki, G must be of maximal class. If, in addition, p = 2, then G is dihedral, semi-dihedral or a generalized quaternion group. However, if p > 2, we are still very far from the determination of such p-groups G (of maximal class). This shows that small self-centralizing abelian subgroups have stronger influence on the structure of 2-groups G than in case of p-groups G for p > 2.
It is natural to try to classify finite 2-groups G which possess a selfcentralizing abelian subgroup A of order 8. If A ∼ = E 8 is elementary abelian of order 8, then such groups G are classified in Janko [2] . The next important case, where A ∼ = C 4 × C 2 is abelian of type (4, 2) will be handled in this paper. The possibility A ≤ Φ(G) (i.e., A is contained in the Frattini subgroup Φ(G) of G) is considered in Theorems 2.1 and 2.2 which describe the structure of such groups G in great detail. The case A ≤ Φ(G) is studied in Theorems 2.3 and 2.4. The 2-groups G appearing in Theorem 2.3 have been classified in Janko [2] , [3] , and [4] . However, the classification of 2-groups G which appear in Theorem 2.4 is still an open question.
All groups considered here are finite and our notation is standard. For convenience, we state here some known results which are used in this paper. Proposition 1.1. (Janko [2, Proposition 1.10]) Let τ be an involutory automorphism acting on an abelian 2-group B so that C B (τ ) = W 0 is contained in Ω 1 (B). Then τ acts invertingly on 1 (B) and on B/W 0 . Proposition 1.2. (Janko [1, Theorem 1.1]) Let G be a finite 2-group which does not have a normal elementary abelian subgroup of order 8. Suppose that G is neither abelian nor of maximal class. Then G possesses a normal metacyclic subgroup N such that C G (Ω 2 (N )) ≤ N and one of the following holds:
(a) |G/N | ≤ 4 and either Ω 2 (N ) is abelian of type (4, 4) or N is abelian of type (2
, where m = n with n ≥ 3 or m = n + 1 with n ≥ 2.
Let G be a 2-group with a metacyclic normal subgroup N . Suppose that N has a G-invariant four-subgroup N 0 which is not contained in Z(G) but there is no G-invariant cyclic subgroup of order 4 contained in N . If N is abelian, then N is of type (2 n , 2 n ) or (2 n+1 , 2 n ), where n ≥ 1. If N is nonabelian, then N is minimal nonabelian and moreover N = a, b | a
m−1 , where n ≥ 2 and m = n or m = n + 1.
New results
We classify finite 2-groups G which possess an abelian subgroup A ∼ = C 4 × C 2 such that C G (A) = A. If A is normal in G, then G/A is isomorphic to a subgroup of D 8 . Therefore we may assume in the sequel that such a subgroup A is not normal in G. We investigate first the case where A ≤ Φ(G) and prove the following basic result.
Theorem 2.1. Let G be a 2-group which possesses a self-centralizing abelian subgroup A of type (4,2) but G does not possess any self-centralizing abelian normal subgroup of type (4, 2) . If A ≤ Φ(G), then G has no normal elementary abelian subgroup of order 8.
) is cyclic and so Φ(G) is also cyclic (Burnside), a contradiction.
We have proved that Z(Φ(G)) = W 0 (since A is not normal in G) and so W 0 is a normal four-subgroup in G. Obviously, W 0 is the unique normal four-subgroup of G. Indeed, if W 1 were another normal four-subgroup of G, then A does not centralize W 1 and so C G (W 1 ) is a maximal subgroup of G not containing A, contrary to our assumption that A ≤ Φ(G). Since A < Φ(G) and |G/Φ(G)| ≥ 4, so |G| ≥ 2 6 . Assume that W 0 ≤ Z(G). Let B be a normal subgroup of G such that W 0 < B ≤ Φ(G) and |B : W 0 | = 2. Then G stabilizes the chain B > W 0 > {1} and so G/C G (B) is elementary abelian. In particular, Φ(G) ≤ C G (B) which contradicts the fact that Z(Φ(G)) = W 0 . Hence |G : C G (W 0 )| = 2 and so
Suppose that A 1 is a normal elementary abelian subgroup of order 16 of
, the element a induces on A 1 an automorphism of order ≤ 2 and so |C A1 (a)| ≥ 4. Since C T (a) = A, we get C A1 (a) = W 0 and A ∩ A 1 = W 0 . Set C = AA 1 so that |C| = 2 5 and |C : A 1 | = 2. Set s = 1 (A) < W 0 and we see that all four elements in A − W 0 are square roots of s in C. Let aa 1 (a ∈ A − W 0 , a 1 ∈ A 1 ) be any square root of s in C. Then we compute
, and so a a 1 = a 1 which implies that a 1 ∈ W 0 . It follows that four elements in A − W 0 are the only square roots of s in C and they form a single conjugate class in C (since C T (a) = A). In particular, A is normal in N T (C) (since T centralizes s) which implies C = T and |G| = 2 6 . Let b be any element in C −A 1 = T −A 1 so that b = a 1 a for an a ∈ A−W 0 and a 1 ∈ A 1 . Hence C A1 (b) = C A1 (a) = W 0 . In particular, b 2 ∈ W 0 and so four elements in W 0 , b − W 0 are either involutions (in case b 2 = 1) or square roots of the involution b 2 . Conversely, let bx (x ∈ A 1 ) be any square root of b 2 (or an involution in C − A 1 when b 2 =1). Then we compute
which implies x b = x and so x ∈ W 0 . Hence four elements in W 0 , b − W 0 are all possible square roots of b 2 (or involutions) in C − A 1 . There are exactly 16 elements in C − A 1 and so each involution in W 0 has exactly four square roots in C − A 1 and in addition there are exactly four involutions in C − A 1 . Also note that Z(C) = Z(T ) = W 0 and so A 1 is a characteristic subgroup of C = T and therefore A 1 is also normal in G.
Let z ∈ W 0 be the central involution in G. By the previous paragraph, there are exactly four square roots of z in C and if c is one of them, then W 0 , c ∼ = C 4 × C 2 and all square roots of z in C = T lie in W 0 , c . Hence
We have proved that T = C G (W 0 ) does not possess a normal elementary abelian subgroup of order 16. Suppose that G has a normal elementary abelian subgroup A 2 of order 16. Then A 2 ≤ T and so A 2 ∩ T is normal in G and
We have proved that G does not have a normal elementary abelian subgroup of order 16.
Suppose that G has a normal elementary abelian subgroup
We have proved that E ≤ T and E > W 0 (because of the uniqueness of W 0 ) and so
Suppose that B = E. Then E is a normal elementary abelian selfcentralizing subgroup of G and so
. Take an element a ∈ A − W 0 so that four elements in A − W 0 are square roots of a 2 = 1. Let ae (e ∈ E) be any square root of a 2 in V 0 . Then we have
which gives (e ) a = e and so e ∈ W 0 since C T (a) = A. It follows that {A − W 0 } is the set of all square roots of a 2 in V 0 and so A is normal in T . Since A is not normal in G, we have for every
and so x sends four elements in A − W 0 onto four elements in A x − W 0 . But G/E ∼ = D 8 and so (since T /E ∼ = E 4 and V 0 /E = Φ(G/E)) there is y ∈ G − T with y 2 ∈ V 0 − E. This is a contradiction since y centralizes y 2 ∈ V 0 − E and so y normalizes A and A x . We have proved that B > E and so |B| ≥ 2 4 . Since Ω 1 (B) = E, B is an abelian group of rank 3. Take an element a ∈ A−W 0 . Since a 2 ∈ W 0 ≤ Z(T ), a induces an involutory automorphism on B with C B (a) = W 0 ≤ Ω 1 (B) (since C T (a) = A). Applying Proposition 1.1, we see that a inverts 1 (B) and B/W 0 . Suppose that some e ∈ E − W 0 is a square in B. Then a inverts (centralizes) e, a contradiction. Suppose that each involution in W 0 is a square in B. Then 
is a square root of w if and only if
and so the set B 0 of elements of B which are inverted by a is a subgroup of B.
The number of square roots of w in V − B is equal |B 0 |. Obviously, B 0 ∩ E = W 0 since C T (a) = A. We have |B| = 2 m+2 (m > 1), so |V − B| = 2 m+2 and therefore |B 0 | ≤ 2 m+1 . All conjugates of a inṼ lie in V − B and all these conjugates are square roots of w sinceṼ ≤ T and T centralizes w ∈ W 0 . Since CṼ (a) = A, so |Ṽ : A| ≤ 2 m+1 . But |V | = 2 m+3 and so |Ṽ | = 2 m+4 , |Ṽ : V | = 2, and |B 0 | = 2 m+1 . It follows that B 0 covers B/E and so we may choose b ∈ B 0 so that B 0 = b × w , where w ∈ W 0 − z (since b
Suppose for a moment thatṼ = N T (V ) = N G (V ). Then looking at G/B, we get (by a well known result of M. Suzuki) that G/B is of maximal class and V /B is a non-central subgroup of order 2 in G/B. Let R/B be a cyclic subgroup of index 2 in G/B. But then R is a maximal subgroup of G and R ∩ V = B. In particular, A ≤ R, contrary to our assumption A ≤ Φ(G). We have proved that V * = N G (V ) >Ṽ = N T (V ) so that |V * :Ṽ | = 2, G = T V * , and T ∩ V * =Ṽ . Assume that C V * (a) = A = CṼ (a) and take an element y ∈ V * −Ṽ so that y ∈ G − T . Then all 2 m+2 elements in V − B form a single conjugate class in V * . Since w has exactly 2 m+1 square roots in V − B, it follows that w = a 2 = z (since z = Z(G)) and so (w ) y = w z. Hence y sends 2 m+1 square roots of w in V − B onto 2 m+1 square roots of w z in V − B. Since e ∈ B 0 (e ∈ E − W 0 ), we have (ae) 2 = w z = aeae = a 2 e a e = w e a e,
and so e a = ez. On the other hand, a inverts B 0 = b, w and so setting v = b 2 m−2 , we get v 2 = z and v a = v −1 = vz. But then (ev) a = ezvz = ev, contrary to C B (a) = W 0 . We have proved thatÃ = C V * (a) > A, where |Ã : A| = 2 andÃ ∩ T = A.
Take an element y ∈Ã − A so that y acts non-trivially on W 0 . But y centralizes a and so y centralizes a 2 = w which gives w = z = b 2 m−1 , where z = Z(G). Suppose y 2 ∈ W 0 so that W 0 , y ∼ = D 8 . In that case there are involutions in W 0 , y −W 0 and so we may assume that y is an involution. Act with the involution y on E. Since y acts non-trivially on W 0 and |C E (y)| = 4, there is an involution e ∈ E − W 0 with (e ) y = e 
This is a contradiction since C B (a) = W 0 . We have proved that for each y ∈Ã − A, y 2 ∈ A − W 0 and so we may assume that y 2 = a. Since a 2 = z centralizes E, it follows that y induces on E an automorphism of order 4 and so C E (y) = z . Hence for an e ∈ E − W 0 , we get e y = ew 0 with w 0 ∈ W 0 − z and w Hence G/B ∼ = C 4 and G/B acts faithfully on E (since T = B a and a acts non-trivially on E). If y ∈ G − T , then for an element e ∈ E − W 0 , we have e y = ew with w ∈ W 0 − z and w y = wz. Then we compute e y 2 = (ew) y = (ew)(wz) = ez.
But y 2 ∈ T − B and T = B a and so a acts in the same way on E as the element y 2 which implies e a = ez. By Proposition 1.1, a inverts 1 (B). If m > 2, then v ∈ 1 (B) and so v a = v −1 = vz. We get in that case (ev) a = ezvz = ev which contradicts to C B (a) = W 0 .
We have proved that we must have m = 2 and so b = v, |B| = 2 4 , and |G| = 2 6 . The argument of the previous paragraph shows that a does not invert any element (of order 4) in B−E and so the subgroup B 0 of all elements of B inverted by a is equal B 0 = W 0 . Indeed, if a inverts an element s ∈ B−E, then s a = s −1 = sz and so (es) a = ezsz = es, contrary to C B (a) = W 0 . Hence a 2 = w has exactly |B 0 | = 4 square roots in T − B = V − B = (AB) − B and they all lie in A − W 0 . Since A − W 0 = A, A is normal in T = AB. For each x ∈ T − B, x 2 ∈ W 0 since C B (x) = C B (a) = W 0 , and x (acting in the same way on B as the element a) inverts on B exactly the elements of W 0 . It follows that x 2 has exactly four square roots in T − B. Hence each involution in W 0 has exactly four square roots in T − B and (since |T − B| = 16) T − B contains exactly four involutions.
Let a ∈ T − B so that (a )
* is a self-centralizing abelian normal subgroup of type (4, 2) in G. This is a final contradiction and our theorem is proved.
In our next result we shall determine the structure of the groups appearing in Theorem 2.1.
Theorem 2.2. Let G be a 2-group which possesses a self-centralizing abelian subgroup A of type (4,2) but G does not possess any self-centralizing abelian normal subgroup of type (4, 2) . If A ≤ Φ(G), then G has the following properties:
(i) G has no normal elementary abelian subgroup of order 8.
(ii) G has the unique normal four-subgroup
or N is minimal nonabelian and more precisely
where either m = n with n ≥ 3 or m = n + 1 with n ≥ 2.
Proof. Suppose that our 2-group G satisfies all the assumptions of our theorem together with A ≤ Φ(G). By Theorem 2.1, G has no normal elementary abelian subgroup of order 8. By the first three paragraphs of the proof of Theorem 2.1, we know that
We apply now Proposition 1.2, since G is neither abelian nor of maximal class. It follows that G possesses a normal metacyclic subgroup N such that 
, then there is a characteristic cyclic subgroup Z ∼ = C 4 of N so that Z is normal in G. But then |G : C G (Z)| ≤ 2 and therefore A (being contained in Φ(G)) centralizes Z, a contradiction. Thus N = Ω 2 (N ) is a normal abelian self-centralizing subgroup of type (4, 2) in G, a contradiction. We have proved that Ω 2 (N ) = W is abelian of type (4, 4) . Suppose that Z * is a G-invariant cyclic subgroup of order 4 contained in N . But then again A centralizes Z * , a contradiction. Hence there is no such Z * and so we may apply Proposition 1.3. It follows that N is either abelian of type (2 n , 2 n ) or (2 n+1 , 2 n ) with n ≥ 2 or N is minimal non-abelian and more precisely
where either m = n with n ≥ 3 or m = n + 1 with n ≥ 2. Assume that G/N ∼ = D 8 . The structure of N in that case is already determined by Proposition 1.2. The minimal case N ∼ = C 4 × C 2 cannot occur because in that case N would be a self-centralizing normal abelian subgroup of type (4, 2) of G, a contradiction.
Finally, we consider the case where A ≤ Φ(G). Theorem 2.3. Let G be a 2-group which possesses a self-centralizing abelian subgroup A of type (4, 2) . If Ω 1 (A) ≤ Φ(G), then G possesses an involution t such that C G (t) = t × D, where D is isomorphic to one of the following groups:
or SD 2 m , m ≥ 4.
Such groups G have been classified in Janko [2] , [3] , and [4] . 
